− is the simplest two-electron system that exists in nature. This system is not only important in astrophysics but it also serves as an ideal ground to study electronelectron correlations. The peculiar balance of the correlations between the two electrons with the interaction of electron-nucleus in H − makes this system to have only two bound states, one being the ground state 1s 2 1 S e and the other the doubly-excited metastable state 2p 2 3 P e embedded below the hydrogen n = 2 threshold. Here we report a calculation for the 2p 2 3 P e state of H − that yields the energy eigenvalue E = −0.125 355 451 242 864 058 376 012 313 25(2), in atomic units. Our result substantially improves the best available result by 16 orders of magnitude. We further study the critical nuclear charge Zcr, the minimum value of nuclear charge Z that is required to bind a nucleus and two electrons. Our determination of Zcr for the 2p 2 3 P e state of two-electron systems is Zcr = 0.994 781 292 240 366 246 3(1), corresponding to 1/Zcr = 1.005 246 085 546 985 509 4(1), which improves the best published value of Zcr by about 10 orders of magnitude. We further investigate in a definitive way the unexplored regime of Z < Zcr using the method of complex scaling and establish precise shape resonance poles for the state of 2p 2 3 P e in the complex energy plane.
The hydrogen negative ion H
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PACS numbers: 31.15.ac Two-electron atomic systems that exist in nature include the sequence H − , He, Li + ,. . ., which can be described by the following single Hamiltonian in nonrelativistic and infinite nuclear mass limit (in atomic units throughout)
where r 1 and r 2 are the position vectors of electrons 1 and 2 and r 12 = |r 1 − r 2 |. There are two special bound states that always exist in the spectra ofĤ for the abovementioned sequence: one is the ground state 1s 2 1 S e , and the other is 2p 2 3 P e that is embedded between the n = 1 and n = 2 one-electron ionization thresholds. These two states are truly bounded in the sense that they are stable against autoionization. Moreover, for the first member in the two-electron sequence H − , the state of 1s
is the only bound state that exists below the n = 1 ionization threshold, which has been proven mathematically [1] ; and the state of 2p 2 3 P e is the only bound state embedded in the continuum that has been firmly established numerically so far [2] [3] [4] [5] [6] [7] [8] . However, as Z further reduces from Z = 1, these two states will eventually become unstable. For a given state, the minimum value of Z that the Hamiltonian can still keep this state to be bounded is called the critical nuclear charge Z cr of the state of interest. A precise determination of the critical nuclear charge is essential in understanding the analyticity of the function E(Z) or E(λ) in the complex Z or λ plane, where λ ≡ 1/Z. In fact, for the ground state, λ s ≡ 1/Z cr is the radius of convergence for E(λ) about λ = 0 in the complex λ plane, where E(λ) is analytic inside the circle |λ| < λ s but has an essential singularity at λ = λ s 1.097 660 833 [9] [10] [11] [12] .
For H
− , the energy eigenvalue of 1s 2 1 S e has been calculated to high precision [13, 14] . The corresponding critical nuclear charge has been investigated by several authors, with the most precise calculation of Estienne et al. [12] that sets a firm benchmark of 16-digit accuracy. Atomic properties near and at the critical nuclear charge of 1s 2 1 S e have recently been studied by Grabowski and Burke [15] . When Z < Z cr , the situation becomes more complicate and subtle, as the bound state now crosses over the nearest ionization threshold and turns into a shape resonance. Since a shape resonance lies in a scattering continuum, its energy, usually complex, cannot be defined directly from the original Hamiltonian (1), but can be determined from its proper analytical continuation [11] . These resonances have been explored by Dubau and Ivanov [11] , and Sergeev and Kais [16] using the method of complex scaling. Comparing to the ground state, the analytic properties and resonant structure of the 2p 2 3 P e state is much poorly understood. There are only two calculations available in the literature, to the best of our knowledge: one by Brändas and Goscinski [17] who give 1/Z cr = 1.0048 and one by Sergeev and Kais [18] who give 1/Z cr = 1.00524608. Also to our knowledge, no studies have been reported to date concerning resonances in the region Z < Z cr for the pure Coulomb case, notwithstanding that an investigation of shape resonances for the screened Coulomb case has been reported in Ref. [19] .
The purpose of the present Letter is threefold. First, we present a substantially improved calculation on the energy eigenvalue of the 2p 2 3 P e state in H − . Second, we establish a much more definitive determination for the critical nuclear charge of this state. Finally we explore, for the first time, the unexplored region where Z < Z cr and report the 2p 2 3 P e resonant energies and widths using the method of complex scaling. In all these calculations, we employ Hylleraas bases to describe the correlations between two electrons.
We use the following basis set in Hylleraas coordinates
where a ≥ 1 and b ≥ 2 , (3) is the common eigenfunction of the total angular momentum squaredL 2 , the z componentL z , and the parity operator with the corresponding eigenvalues L(L + 1), M , and (−1) 1+ 2 , respectively. The size of basis set is determined by including all terms with a + b + c ≤ Ω with Ω being an integer. For the 2p 2 3 P e state of H − , we choose 1 = 2 = L = 1. We include five blocks in the basis set each with different (α, β). In order to maintain maximum numerical stability of the basis set, we only include terms with a ≤ b. Starting from the second block, all terms with a = b are also excluded. Table I shows a convergence study of the 2p 2 3 P e energy eigenvalue as the size of basis set increases. In the table, R(Ω) is the ratio of two successive differences that can be used as a measure for the rate of convergence. We thus stop the calculation where R(Ω) ∼ 1. The achieved accuracy of the extrapolated value of the energy is about 2 parts in 10 28 . Comparison with available published results indicates that the present calculation has dramatically improved the previous best result of Kar and Ho [8] by about 16 orders of magnitude.
We now turn to the problem of finding the critical nuclear charge for the 2p 2 3 P e state. The general condition for this state being bound below the hydrogenic n = 2 threshold is that
125. The basis set used in the variational calculation of the critical nuclear charge is similar to that of the ground state except in the case of having five blocks in the basis, we only use two blocks. The nonlinear parameters for the first block is approximately (α, β) ∼ (0.5, 0.01), and for the second block (α, β) ∼ (0.7, 0.5). [18] but also more precise than theirs by 10 more significant figures.
In order to explore the region of Z < Z cr , we apply the method of complex scaling [21] , by which the inter-particle coordinates are transformed according to r → r exp(iθ) with the phase angle θ being real and positive. The Hamiltonian (1) is then transformed aŝ H →Ĥ(θ) = T exp(−2iθ) + V exp(−iθ), where T and V are the kinetic and potential operators respectively. A diagonalization of the transformed Hamiltonian yields complex energy eigenvalues of the form E res = E r −iΓ/2, where E r is the resonance position and Γ the resonance width. In search of a resonance, a resonance pole is the one that exhibits the most stabilized behavior of the energy with respect to changes of θ and nonlinear parameters in the basis set. Table III shows numerical results for some selected complex resonance energies with different Z < Z cr . It should be mentioned that we have used two different types of basis sets: the Hylleraas and the configuration interaction (CI) and the results are consistent up to 4 ∼ 5 digits for the shape resonances in Table III . Figure 1 is the plot of resonance energy versus 1/Z for this shape resonance. It is seen that the shape resonance starts to appear just above the two-body H (n = 2) threshold as Z is first decreased (1/Z is increased) below Z cr . As Z is decreased further, the shape resonance moves away from the two-body H (n = 2) threshold. When 1/Z is increased further to near the region around 1.8, the shape resonance starts to approach the H (n = 3) threshold and it even crosses over the H (n = 3) threshold when 1/Z is increased to around 1.9. We stop at 1/Z ∼ 2.0, because as the resonance is approaching the total ionization limit E = 0, it is getting more difficult to obtain convergence in resonance calculations. Figure 2 is the plot of the half-width Γ/2 versus 1/Z in logarithmic scale. It is seen that the width increases very rapidly when the bound state first turns to a shape resonance as its energy crosses over the H (n = 2) threshold. The parent state of this shape resonance is hence the excited 2p state of the two-body atom, together with the other electron having a p-wave character (two spin-half p-wave electrons are coupled to form a 3 P e state). Now when the resonance crosses the n = 2 threshold from a bound state to a shape resonance at Z cr , the p-wave electron will experience a repulsive angular momentum barrier, through which the electron can tunnel out, resulting in a cross-over from a bound state to a shape resonance. Furthermore, as the shape resonance moves away from the threshold when Z is decreased further, the thickness of the potential barrier, through which the electron tunnels out, becomes narrower, leading to a shorter lifetime for the autoionization process, hence broadening the width, a consequence of the uncertainty principle. The physics of such a phenomenon is similar to the electron tunneling in field ionization when an atom is placed under an external electric field.
One can see from Fig. 2 that Γ/2 reaches a maximum value near 1/Z ∼ 1.7, and then it starts to decrease somewhat as 1/Z further increases. This can be explained as follows. As shown in Fig. 1 , when Z is decreased below Z cr , a bound state becomes a shape resonance lying above the H (n = 2) threshold. As Z is decreased further, the shape resonance is moving away from the H (n = 2) threshold and approaching the H (n = 3) threshold. As such, the resonance is now gaining some Feshbach-type character. In other words, at this range of 1/Z, the resonance is a mixture of a shape resonance, with the H (n = 2) as the parent state, and a Feshbach resonance, with the H (n = 3) as the parent state. The autoionization process is a combination of tunneling effect, as described earlier, and Feshbachtype configuration-interaction effect as one electron decaying from the n = 3 shell to the n = 2 shell, with the other electron being autoionized away. Usually, for a Feshbach resonance the width would decrease as it is moving toward its parent (n = 3, in this case) threshold. So for our special case, the total width is a competition between the "increasing character" due to tunneling effect and the "decreasing character" due to the Feshbach configuration-interaction effect. Apparently, as the resonance approaches the H (n = 3) threshold, the Feshbach resonance effect would become more pronounced, resulting in the overall decreasing trend for the total width around this 1/Z region.
In conclusion, we have established two new benchmark results for the 2p 2 3 P e state, i.e, the energy eigenvalue of H − and the critical nuclear charge for the two-electron isoelectronic sequence. We have also explored in a definitive way the resonance poles as the nuclear charge is below its critical value. Our results will be valuable in studying the analytical structure of E(λ) in the complex λ plane.
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